The statistical mechanical properties of plane polymer configurations which enclose a fixed area and are subject to an external electric field are investigated. For this purpose an exact expression for the generating functional is obtained and subsequently used to derive: (a) the distribution function for the enclosed area; (b) the mean square distance of a given repeating unit from the origin; (c) the entropic force on a repeating unit.
Introduction
Many properties of polymeric systems are due to the mutual entanglement of these chain-like objects. A model for the statistical mechanical properties of such systems was proposed for the first time by Edwards [l] . In this model a planar polymer was assumed to entangle with another one which was modelled as an infinite straight line perpendicular to the plane of the first polymer. The evaluation of the statistical mechanical properties involved the calculation of a path integral with a topological constraint. Since then the model has been extensively studied. For example, Khandekar and Wiegel [2] proposed an approach in which one studies the configurations on the associated covering space. A review of the mathematical description of various simple entanglements can be found in a recent monograph [3] . The various exactly solvable cases involving constraints are discussed by Khandekar and Lawande [4] . However, in all these cases the number of polymers which are entangled with each other was restricted to 2. This shows the need for a model which can take into account the entanglement of clusters of polymers.
Brereton and Butler [5] suggested another model to study the mutual entanglement of many polymers. The essential ingredients of the model were:
(1) represent a polymer by a discrete random walk of N steps in a plane; (2) approximate the steric and topological effects of the other polymers in the system by the constraint that this walk encloses a fixed area. Because of the discrete nature of the model these authors had to resort to numerical methods for an explicit computation of the thermodynamic properties.
Khandekar and Wiegel [6] simplified the Brereton-Butler model further by assuming a continuous random walk to represent the polymer. They were able to map the problem of finding the configuration sum onto the evaluation of Levy's "stochastic area" [7] for a "Brownian bridge". Their results were later generalized by Duplantier [8] , who calculated the distribution of the area in several complex cases. For these continuous walks Khandekar and Wiegel found the distribution of the area; they also studied the thermodynamic properties of these systems without any interaction between the monomers [9] . In a later publication [lo] monomer-monomer interactions were also included. However, if one wants to study the properties of DNA in gel electrophoresis, one needs to put the system in an external electrical field of constant magnitude and direction. The electric field is expected to alter the properties considerably. It is, therefore, the aim of this paper to study the thermodynamic properties of a plane polymer, enclosing a fixed area, subject to an external electrical field.
Basic formulation
The configuration sum or fraction of polymer configurations G,(J', Nlr', 0) of the non-interacting polymer, whose two ends are fixed at r' and r" respectively, can be expressed as a Wiener integral
where we used the notation of ref. [3] and where ' denotes the derivative dldv. Next one imposes the constraint that the walk shall enclose a constant algebraic area A. Note that -when r' = r" = (0,O) -the area can be expressed in terms of the polymer configuration r(v) = (x, y) as
along with the sign convention that A is counted positive (negative) if the enclosed area is located to the left (right) of the curve when traced by increasing the value of v from 0 to N. Moreover, one has to take the effect of the electric field into account. Let the field E be uniform with x component E, and y component E,. Let each of the monomers have the charge q. The corresponding Boltzmann factor for the polymer configuration r(v) can be expressed in the continuous form as
where q' = qlk,T, T being the absolute temperature of the system and k, the Boltzmann constant. The electrostatic monomer-monomer interaction will be neglected in this paper.
Combination of (2.1)-(2.3) shows that the probability density of the area in an electric field is given by the path integral
where the normalization factor X is determined by imposing the condition that the total probability is equal to unity. It will turn out that the thermodynamic properties of the system follow from a generating functional Z(A, E) which is defined as where rr denotes the position of the monomer with label Nr and where q = (vi, T,Q is a vector introduced for convenience. Usually one is interested in three physical quantities which can be expressed in terms of the generating functional in the following way:
(i) The configuration sum, or the probability density, P(A, N, E) that the polymer configurations enclose an area A in the presence of an electric field E is related to Z(A, E) by the relation
(2.6)
(ii) The average (r'(N,)) of the distance of repeating unit ZV1 from the origin, squared, is given by (r2@',)) = ( ' a. a Z(A, E))~qzo.
(iii) The configuration sum density fJ(A, E, R) over all those polymer configurations which span an area equal to A and for which r(N,) -r(0) = R has the following relation with the generating functional,
Note that (2.6)- (2.8) g' ive the relevant physical quantities for polymer configurations which can be open or closed. For open polymeric chains the enclosed algebraic area is defined as the area enclosed by the polymer configuration and the chord joining the endpoints. We now proceed to evaluate the generating functional.
Generating functional
In order to evaluate the generating functional Z(A, E), we first represent the delta function in the integrand of (2.5) by a Fourier integral. This yields
where g(g) represents the path integral
associated with a "Lagrangian" 9 which has the following explicit form:
Here A = -ig. It has been shown in ref. [6] that the path integral in (3.2) can be evaluated by assuming A to be a real number. Next, we introduce a transformation r=p+Av,
where p is a two-dimensional vector with components 5 and rp. Moreover, the components of the vector A = (a, p) are defined as
The transformation (3.4) reduces the path integral in (3.2) to
where the constant 2, is given by
(3.5)
Since the term q -p1 in (3.6) depends only on the position of repeating unit Ni , it is easy to perform the path integration over all the other positions. Thus we obtain
where the function G(p, Nip,, No) is defined by
it can easily be shown to be related to the propagator associated with a particle in a magnetic field. G can be evaluated in a straightforward way and is found to be given by the expression X exp ( -7 (&Jo -(P50) (3.10)
where o. = -iig12. Substituting the last formula into (3.8) and performing the integration over p1 we arrive at the following expression for z"(g):
where for brevity we have set 6 = 5" -5' and IF, = cp" -q'. This expression for 2(g), when inserted into (3.1), yields the generating functional.
Closed polymer loops
To evaluate the statistical mechanical properties of closed polymer loops we must obtain the generating functional for the closed configurations. For this purpose we should set f' = r' in the expression (3. 
Q=W',
Once again, we can substitute this expression of z,(g) in (3.1) to obtain the generating functional for closed polymer loops, which will be denoted by Z,(A). Having obtained the expression for the generating functional we can now investigate the statistical mechanical properties.
The probability distribution
To obtain the probability distribution for the area enclosed by a polymer loop we set q = 0 in (4.1) and use the defining relation (2.6) to write
This expression agrees with the result obtained earlier in ref. [ll] ; it has been analysed in detail there. In particular, it has been shown that in a strong electric field P,(A, N, E) behaves as (4.4)
Evaluation of (r'(N,))
As has been stated earlier, the mean square distance (r*(N,)) is defined by (2.7). It is easy to see that for closed polymer loops
hence the expression for the mean square distance takes the form
(4.6)
The analytical behaviour of ( r2(Nl)) d escribed by (4.6) is quite complicated. However, it is easy to verify that as E -0 we recover the expression for the mean square distance derived earlier in [9] . Moreover, we can analyze the behaviour of ( r2 (Nl)) when the electric field is very strong. For this purpose we consider the integral
where for convenience we have set (4.14)
Substituting explicitly the value of various quantities into (4.14) we obtain which is the behaviour of ( r2(N,)) for large electric fields. It shows that in the presence of an electric field the mean square distance behaves as A2, which is a typical sign of topological rigidity. This rigidity is superimposed on the normal behavior (r') -N,, as indicated by the first term of (4.15).
The entropic force
In order to evaluate the entropic force on the repeating unit Ni we substitute r) = -is *R and evaluate the integral in (2.8) to arrive at the following expression for the configuration sum density R(A, E, R): The entropic force on the repeating unit N, is related to the configuration sum density 0 by the relation f(A,R)= +I (4.18) and can be calculated easily from (4.17). However, this expression is too difficult to analyze analytically. It will be clear anyhow that the configuration sum density is a highly non-linear function of R, which suggests that the entropic force on the repeating unit would be a highly non-linear function of R.
This is an indication of the dramatic effects of the area constraint.
Open chains
To study the statistical mechanical properties of open chains we set 5 = cp' = 0 in (3.11) and integrate over t", cp". This yields the Fourier transform of the generating functional, which we denote by z,(g). Similarly we denote the Once we have the expression for g,,(g) we can in an analogous way proceed to investigate the thermodynamic properties.
The probability distribution
We set q = 0 in eq. (5.1) and use the defining relation (2.6) to arrive at the probability density of what is known in mathematics as " Levy 9) , respectively. However, it is obvious from the last equation that (r*(N,)) behaves as A2 which, as has been stated earlier, is a signature of rigidity. Eq. (5.10) also indicates that the analytical behaviour of the mean square distance (r*(N,)) for both closed loops and open chains is similar for the case of strong electrical fields. This is expected in view of the similarity in the behaviour of the respective probability distributions.
The asymptotic evaluation
In most situations of practical interest exact results are not available. Hence, it is desirable to develop schemes for an approximate evaluation of the constrained path integrals, and to compare them with the exact results.
The simplest problem which is amenable to exact analysis corresponds to the case of non-interacting planar polymer loops constrained to enclose a fixed area. The exact distribution of the area was derived in an earlier paper by Khandekar and Wiegel [6] . Hence, we now study a semiclassical evaluation of the path integral corresponding to this case for comparison.
Free case
The Lagrangian 9 for a non-interacting plane polymer can be written as 23 = i2112 .
(6-l)
We introduce the constraint that the polymer loops enclose a fixed area A by using the Lagrange multiplier A and modifying the Lagrangian of (6.1) to read 2T=;-+j-jX-A).
(6.
2)
The Euler-Lagrange equations for the problem are given by x+oj=o, (6.3a) j-oi=o, (6.3b) where w = A12/2. These equations can be readily solved to yield (6.5d)
Using these values of the constants it is easy to see that the value of the action functional S = 1," i2/12 dv along the optimal trajectory is given by
with o yet to be determined. Once o is determined, the configuration sum G(x", y", Nix', y', 0) can be approximated as Substituting the value of C,X + C,Y from (6.10) into (6.8b) it is easy to see that (6.11) It is also straightforward to show that the points o,, = 2n7r correspond to singularities (caustics) of S. Therefore, as we cross the singularity the propagator is multiplied by a phase factor. Thus, in this approximation, the propagator is given by where S, can be evaluated using eq. (6.8b) by setting x" = X' and y" = y'. This yields the complete expression for the configuration sum as:
which is the exact result derived earlier by Khandekar and Wiegel [6] . A few remarks are necessary at this point. First, it is clear from eq. (6.13) that the first term of the series represents the leading contribution to the configuration sum, provided A /12N % 1. Moreover, as long as the Lagrangian 9 is quadratic, one can recover the exact expression for the configuration sum by considering the contributions from all the classical trajectories, and incorporating the appropriate phase factors arising from the singularities.
Having demonstrated that the optimal trajectory leads to the dominant contribution to the configuration sum, we now proceed to consider noninteracting polymers in an electric field.
Polymer loops in an electric field
We proceed as in section 6.1. The Lagrangian 9 now reads i2 + j2 L!?== 1 -q(E,x + E,y) -; (xj -yi -A) , (6.14) where q is a charge on each monomer; E, and E, refer to the x and y components of the electric field E respectively; A is the Lagrange multiplier. As before, the Euler-Lagrange equations are given by We now introduce a transformation
The set of equations (6.15) simplifies to read ~+w?j=o, jj-w&=0, Thus we observe that in the case of entangled polymers in an electric field, x is determined by a transcendental equation. Therefore, further calculations can not be performed analytically. However, in order to determine the smallest root one can use the approximation sin x =x -ix'. In that case one recovers the configuration sum in the asymptotic limit. This agrees with the expression for the configuration sum which was derived by us in ref. [ll] .
Conclusions
In this paper we considered non-interacting planar polymer configurations entangling with uniformly distributed singularities and subject to an external electric field. The effect of entanglement was simulated by imposing a constraint which compels the polymer configurations to enclose a fixed algebraic area. Whereas the term "area" is only meaningful for closed curves, it was generalized to include open polymer configurations. For open configurations we define the enclosed area as the area enclosed by the closed curve formed by the polymer configuration and the straight line joining the end-points of the polymer.
Within the framework of this model exact expressions for the configuration sums corresponding to both open and closed chains were obtained. The generating functional was used to find an expression for the mean square end-to-end distance. In the last section we developed an approximation technique for the evaluation of the configuration sum. It was shown that the results are accurate in the asymptotic regime AINl' 9 1.
